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A three-phase cylindrical model for analyzing ﬁber composite subject to in-plane mechan-
ical load under the coupling effects of multiple physical ﬁelds (thermo, electric, magnetic
and elastic) is presented. By introducing an eigenstrain corresponding to the thermo-elec-
tro-magnetic-elastic effect, the complex multi-ﬁeld coupling problem can be reduced to a
formal in-plane elasticity problem for which an exact closed form solution is available. The
present three-phase model can be applied to ﬁber/interphase/matrix composites, such that
a lot of interesting thermo-electro-magnetism and stress coupling phenomena induced by
the interphase layer are revealed. The present model can also be applied to ﬁber/matrix
composites, in terms of which a generalized self-consistent method (GSCM) is developed
for predicting the effective properties of piezoelectric–magnetic ﬁber reinforced compos-
ites. The effective piezoelectric, piezomagnetic, thermoelectric and magnetoelectric moduli
can be expressed in compact explicit formulae for direct references and applications. A
comparison of the predictions by the GSCM with available experimental data is presented,
and interesting magniﬁcation effects and peculiar product properties are discussed. As a
theoretical basis for the GSCM, the equivalence of the three sets of different average ﬁeld
equations in predicting the effective properties are proved, and this fact provides a strong
evidence of mathematical rigor and physical realism in the formulation.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Functional composite materials, such as piezoelectric, magnetostrictive and thermoelectroelastic composites have been
rapidly developing with increasing applications in ultrasonic imaging devices, sensors, actuators and transducers etc. Such
composites inherit the characteristics of functional materials, such as the piezoelectric and piezomagnetic properties which
can be tailored to meet speciﬁc applications.
Some composite materials can provide superior properties compared to their mother monolithic constituent materials.
Smith et al. (1985) and Shaulov et al. (1989) found that the piezocomposites can provide a higher piezoelectric strain mod-
ulus d31 than the constituents; Dunn (1993) numerical results showed that the effective thermal expansion coefﬁcients of
composites could signiﬁcantly exceed those of the matrix and the ﬁber phases. An important application of composite struc-
ture is the use of the product property, which is found in the composite structures but is absent in the individual phases (Ryu
et al., 2002). Van Suchtelen (1972) suggested that the combination of piezoelectric–piezomagnetic phases may exhibit a new. All rights reserved.
x: +852 2559 5337.
ung).
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fabrication of BaTiO3–CoFe2O4 composite has a ME coefﬁcient hundred times higher than that of Cr2O3 which was then one
of the single-phase materials of the highest ME coefﬁcient.
Inspired by the above interesting and exciting multi-ﬁeld coupling phenomena as well as the excellent designability of
composites including piezoelectric–magnetic ﬁber composites, scientists and engineers begin to pursue the optimal design
for the desired applications. With the rapid advancement in technological research, it is expected that composites and com-
pletely novel materials could be conveniently designed and manufactured by direct engineering of their constituents. The
traditional phenomenological approach, however, is of limited use in making prediction on the behaviours of new composite
materials which have not come to exist yet. It requires that researches go beyond such phenomenology for a more compre-
hensive understanding of the interaction of microstructures and their thermo-electro-magneto-elastic coupling properties
(Tadmor et al., 2000).
Micromechanics methods (for example, Hori and Nemat-Nasser, 1998) are useful tools to predict effective properties of
composites. The dilute (Eshelby, 1957), self-consistent (Budiansky, 1965; Hill, 1965), differential (Mclaughlin, 1977) and
Mori–Tanaka methods (Mori and Tanaka, 1973; Benveniste, 1987) are based on the two-phase micromechanics models that
have been extensively used. In order to extend the two-phase model to the multi-ﬁeld coupled composite structure, the cou-
pled Eshelby’s tensor analogs to the elasticity has been developed. Deeg (1980) and Wang (1992) presented the tensor solu-
tion of a piezoelectric ellipsoidal inclusion embedded in an inﬁnite medium. Dunn and Taya (1993) simpliﬁed the
piezoelectric Eshelby’s tensors of the elliptic ﬁber problem and put them in explicit form instead of the elliptic integrals,
and then they extended the dilute, self-consistent, Mori–Tanaka and differential micromechanics methods to cover piezo-
electric composites. As for the piezomagnetic materials, Nan (1994, 1997) proposed a model to determine the coupled
ME effect and coupled local ﬁelds of composites based on the Greens’ function method and perturbation theory developed
for piezoelectric composites. Huang and Kuo (1997) directly extended the Eshelby type equivalent inclusion method to
piezomagnetic composites which is originally developed for piezoelectric composites by Dunn and Taya (1993), and they
proposal the analogous simpliﬁcation on Eshelby’s tensors (Huang, 1998). The thermal expansion is another important cou-
pled ﬁeld problem. Similarly, many researchers have extended the classical two-phase models to thermoelectroelastic com-
posites (Dunn, 1993; Budiansky, 1965, etc.). Using the method of effective ﬁeld, Sevostianov et al. (2001) derived the
electroelastic constants of piezocomposites, and Levin and Luchaninov (2001) further considered the thermo-piezoelectric
matrix composites. They presented explicit expressions for the effective pyroelectric, dielectric, piezoelectric, elastic and
thermoelastic constants of such composites.
The generalized self-consistent method (GSCM) is a more sophisticated micromechanics approach, which is based on the
three-phase model of inclusion/matrix/composite. The method was originally developed by Kerner (1956) and could be re-
garded as an extension of the composite cylinder/sphere model (Hashin, 1962; Hashin and Rosen, 1964). The boundary condi-
tions of the GSCM model are simpler and more reasonable compared to the composite cylinder/sphere model. However, the
GSCMmay increase the complexity of the solutionprocess, andSmith (1974) andChristensenand Lo (1979) took a long journey
to arrive at the correct solutions. It is shown that theGSCMpossesses themathematical rigor in their elasticity formulation and
physical realism (Christensen, 1998). Comparisons between theGSCMand othermicromechanicsmethods also reveal that the
GSCM predictions exhibit the best agreement with experiment results (Christensen, 1990). Luo and Weng (1987) proposed a
modiﬁedMori–Tanakamethodwhich is based on the three-phasemodel instead of the Eshelby’s problem. As for thermo-elec-
tro-magneto-elastic composites, Grekov et al. (1989) studied the composite cylinder model for piezocomposites, and Benven-
iste (1995) gave the predictions of the ME coefﬁcient, which is based on the composite cylinder model and the theory of exact
connections ofmulti-ﬁelds. Jiang and Cheung (2001) presented a three-phase piezoelectric cylindermodel. Themodelwas ap-
plied to ﬁber/interphase/matrix composites,whereby the effect of the interphase layerwas studied. Jiang et al. (2001) also pre-
sented a three-phase confocal elliptical model, in which the GSCM for piezocomposites was developed, and Sudak (2003)
studied theeffect of an interphase layeron theelectroelastic stresseswithina three-phase elliptic inclusionbyusing thismodel.
To our best knowledge, the researches on the three-phase model are limited to a simple case of antiplane shear coupled with
inplane electric load. So far, no report has been found for a three-phase model under inplane mechanical load coupling with
thermo-electro-magnetical loads. For such a problem, multi-ﬁeld coupling leads to a set of rather complicated differential
equations. To overcome themathematical difﬁculties, in this paper, an eigenstrain corresponding to the thermo-electro-mag-
netic ﬁelds is introduced. As a result, themulti-ﬁeld coupled problem is reduced to an equivalent inplane elasticity problem, for
which the mathematical manipulation is greatly simpliﬁed and a compact solution in closed form is available.
This paper is organized as follows. Section 2 establishes the three-phase model and introduces the eigenstrain to sim-
plify the constitutive equations. Section 3 provides a solution in closed form for the elasticity inplane problem with an
eigenstrain by the complex variable method. Section 4 deals with stress concentrations under thermo-electro-magneto-
mechanical coupling loads. The full thermo-electro-magneto-elastic moduli are obtained in compact explicit form in Sec-
tion 5, and through numerical examples, interesting coupling phenomena such as the abnormal magniﬁcation effect and
the product effect for ME composites are discussed. In the appendix, the equivalence of three sets of different average ﬁeld
equations in predicting the effective properties by the GSCM is proved. They are: (1) the averaged stress in the represen-
tative volume element (RVE) is equal to the far-ﬁeld one; (2) the averaged strain in the RVE is equal to the far-ﬁeld one;
(3) the averaged stress and strain in RVE satisfy the stress-strain relationship of the composite with the as-yet unknown
effective properties.
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Fig. 1. Schematic diagram of the three-phase model cross-section.
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2.1. Three-phase model
Fig. 1 is a schematic diagram of a cross-section of the three-phase model, where the representative volume element (RVE)
is composed of a circular ﬁber and a concentric circular matrix annulus with the same volume fraction k as in the composite,
which in turn is embedded in the inﬁnite composite possessing the yet-unknown effective properties. Without losing gen-
erality, the outer radius of the matrix annulus is assumed to be 1, and then the radius of the ﬁber will be
ﬃﬃﬃ
k
p
. The poling
direction of the materials is along x3-direction (perpendicular to the paper) and the cross-section Ox1 x2 is the transversely
isotropic plane for each phase. Let the model be subjected to the far-ﬁeld uniform stresses r11 and r
1
2 , along x1- and x2-direc-
tions, respectively. In the x3-direction, there are a uniform strain e3, a uniform electrical ﬁeld E3 and a uniform magnetic ﬁeld
H3. In the whole model a uniform thermal ﬁeld h is assumed.
2.2. Constitutive equations
The constitutive equations for a thermo-electro-magneto-elasticmaterial under consideration are given by Benveniste (1995)r ¼ Ce eE3  qH3  bh
D3 ¼ eTeþ k33E3 þ a33H3 þ p3h
B3 ¼ qTeþ a33E3 þ l33H3 þm3h
ð1ÞThe stress–strain equation coupled with the thermo-electro-magnetic ﬁelds can also be expressed ase ¼ Srþ dE3 þ gH3 þ qh ð2Þ
where r, e, D3, B3 are, respectively, the stress tensor, strain tensor, electric displacement and magnetic ﬂux; E3, H3, h are,
respectively, the electric ﬁeld intensity, the magnetic ﬁeld intensity and the temperature change of the material; C denotes
the stiffness matrix, e, q, b denote, respectively, the piezoelectric, piezomagnetic and thermal stress vectors; S, d, g, q, respec-
tively, denote the material constants in the strain–stress equations which are corresponding to C, e, q, b in the stress–strain
equations; k33, l33 denote the dielectric constant and magnetic permeability; a33, p3, m3 denote, respectively, the magneto-
electric, pyroelectric and pyromagnetic coefﬁcients.
For a transversely isotropic material, the above-mentioned vectors and matrices in expanded form can be written asr ¼
r1
r2
r3
2
64
3
75 ¼
r11
r22
r33
2
64
3
75; e ¼
e1
e2
e3
2
64
3
75 ¼
e11
e22
e33
2
64
3
75; C ¼
C11 C12 C13
C12 C11 C13
C13 C13 C33
2
64
3
75 ¼ S1 ¼
1
Y1
 m12Y1 
m13
Y3
1
Y1
 m13Y3
sym 1Y3
0
BB@
1
CCA
1
e ¼
e31
e31
e33
0
B@
1
CA; q ¼
q31
q31
q33
0
B@
1
CA; b ¼
b1
b1
b3
0
B@
1
CA; d ¼
d31
d31
d33
0
B@
1
CA; g ¼
g31
g31
g33
0
B@
1
CA; q ¼
q1
q1
q3
0
B@
1
CA
ð3Þ
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bulk modulus K and shear modulus l are adopted. K, l and the transverse Young’s modulus Y1, Poisson’s ratio m12 can be con-
verted by1
2K
;
1
2l
 
¼ 1 m12
Y1
 2m
2
13
Y3
;
1þ m12
Y1
 
1
Y1
; m12
 
¼ 1
4K
þ 1
4l
þ m
2
13
Y3
;
 1K þ 1l 
4m213
Y3
1
K þ 1l þ
4m213
Y3
0
@
1
A ð4ÞK, l, m13, Y3 can also be expressed by C11, C12, C13, C33 asK ¼ C11 þ C12
2
; l ¼ C11  C12
2
; m13 ¼ C13C11 þ C12 ; Y3 ¼ C33 
2C213
C11 þ C12 ð5ÞThe coupled stress moduli and strain moduli can be converted by using the elastic stiffness matrix or the compliance ma-
trix, that isðd;g; qÞ ¼ S  ðe;q; bÞ or ðe;q; bÞ ¼ C  ðd;g; qÞ ð6Þ
The above equations in expanded form are as followsd31 g31 q1
d33 g33 q3
 
¼
1
2K þ
2m213
Y3
 m13Y3
 2m13Y3 1Y3
2
4
3
5 e31 q31 b1
e33 q33 b3
 
e31 q31 b1
e33 q33 b3
 
¼ 2K 2m13K
4m13K ðY3 þ 4m213KÞ
 
d31 g31 q1
d33 g33 q3
 
:
ð7Þ2.3. Eigenstrain equivalent medium concept
The constitutive Eq. (1) or (2) are rather complicated. However, it is observed that e3, E3, H3 and h are constants in the
whole model. The equivalent medium concept can be used to reduce the multi-ﬁeld problem to an equivalent elastic one.
Introduce a suitable uniform eigenstrain ﬁeld e* in the transverse planee1 ¼ e2 ¼ e ¼ m13e3 þ
e31
2K
E3 þ q312K H3 þ
b1
2K
h ð8ÞThen the constitutive Eq. (1) are simpliﬁed toðr1 þ r2Þ ¼ 2Kðe1 þ e2  2eÞ; ðr2  r1Þ ¼ 2lðe2  e1Þ
r3 ¼ 2m13Kðe1 þ e2Þ þ ð4Km213 þ Y3Þe3  e33E3  q33H3  b3h
D3 ¼ e31ðe1 þ e2Þ þ e33e3 þ k33E3 þ a33H3 þ p3h
B3 ¼ q31ðe1 þ e2Þ þ q33e3 þ a33E3 þ l33H3 þm3h
ð9ÞIt is seen that the stress–strain ﬁeld in a thermo-electro-magneto-elastic material is the same as that in the corresponding
elastic material with a suitable uniform eigenstrain ﬁeld e*. Thus the multi-ﬁeld coupled problem is reduced to an equivalent
inplane elastic problem with a suitable eigenstrain. Similarly, the problem can also be studied by introducing an eigenstress.
3. Complex variable solution
3.1. Complex variable method
According to Muskhelishivili (1965), an inplane elastic problem can be formulated by two complex potentials u(z) and
w(z), in terms of which, the stresses r1, r2, r12 are expressed byr1 þ r2 ¼ 4Re½u0ðzÞ
r2  r1 þ 2ir12 ¼ 2½zu00ðzÞ þ w0ðzÞ
ð10Þwhere the overbar represents the complex conjugate, the prime denotes differentiation. The displacement and resultant
stress components are then obtained asðu1 þ iu2Þ ¼ 12l ½juðzÞ  xðzÞ þ e
z
ðF1 þ iF2Þ ¼ i½uðzÞ þ xðzÞBA
ð11Þand
Z.H. Tong et al. / International Journal of Solids and Structures 45 (2008) 5205–5219 5209xðzÞ ¼ zu0ðzÞ þ wðzÞ;
j ¼ 1þ 2l
K
ð12Þwhere u1 and u2 are, respectively, the displacement components along x1- and x2-axes, F1 and F2 are, respectively, the
resultant stress components from point A to point B along any arc, and ½BA means the value difference between two points
A and B.
3.2. Stress and displacement continuity conditions on the interfaces
As shown in Fig. 1, L1 and L2 denote the interfaces between the ﬁber, matrix and equivalent composite medium, respec-
tively. Assuming that the interfaces L1 and L2 are perfectly bonded, the continuity conditions of displacements and stresses
can be expressed as (Jiang et al., 2003)ðu1 þ iu2Þf ¼ ðuþ ivÞm; ðF1 þ iF2Þf ¼ ðF1 þ iF2Þm; on L1
ðu1 þ iu2Þm ¼ ðuþ ivÞc; ðF1 þ iF2Þm ¼ ðF1 þ iF2Þc; on L2
ð13Þwhere the subscripts f, m, c refer to the ﬁber, matrix and homogenized composite, respectively.
Introducing the following normalized parameterspfm ¼
K1f  K1m
K1m þ l1m
; qfm ¼
l1f  l1m
2ðK1m þ l1m Þ
; tfm ¼ e

f  em
K1m þ l1m
;
pcm ¼
K1c  K1m
K1m þ l1m
; qcm ¼
l1c  l1m
2ðK1m þ l1m Þ
; tcm ¼ e

c  em
K1m þ l1m
ð14Þand noting Eq. (11), the continuity conditions (13) are then transformed asumðzÞ ¼ ð1þ pfm þ qfmÞuf ðzÞ  qfmxf ðzÞ þ tfmz
xmðzÞ ¼ ðpfm þ qfmÞuf ðzÞ þ ð1þ qfmÞxfðzÞ  tfmz; r ¼
ﬃﬃﬃ
k
p
ð1þ pcm þ 2qcmÞucðzÞ ¼ ð1þ qcmÞumðzÞ þ qcmxmðzÞ  tcmz
ð1þ pcm þ 2qcmÞxcðzÞ ¼ ðpcm þ qcmÞumðzÞ þ ð1þ pcm þ qcmÞxmðzÞ þ tcmz; r ¼ 1
ð15Þwhere r ¼ ﬃﬃﬃkp and r = 1 are the radii of L1 and L2, respectively.
3.3. Closed form solution
It is observed that a closed form solution of Eq. (15) can be achieved by taking the following ﬁnite series expansions of the
complex potentialsuf ðzÞ ¼ af1zþ af3z3; wf ðzÞ ¼ bf1z;
umðzÞ ¼ am1 zþ am3 z3 þ am1
1
z
; wmðzÞ ¼ bm1 zþ bm1
1
z
þ bm3
1
z3
;
ucðzÞ ¼ ac1zþ ac1
1
z
; wcðzÞ ¼ bc1zþ bc1
1
z
þ bc3
1
z3
ð16Þwhere af1; a
f
3; b
f
1; a
m
1 ; a
m
3 ; a
m
1; b
m
1 ; b
m
1; b
m
3; a
c
1; a
c
1; b
c
1; b
c
1; b
c
3 are real coefﬁcients.
Substituting Eq. (16) into Eq. (12), we havexf ðzÞ ¼ af1zþ ð3r4af3 þ r2bf1Þ
1
z
;
xmðzÞ ¼ am1 þ
bm1
r2
 
zþ ð3r4am3 þ r2bm1 Þ
1
z
þ  a
m
1
r4
þ b
m
3
r6
 
z3;
xcðzÞ ¼ ac1 þ
bc1
r2
 
zþ r2bc1
1
z
þ  a
c
1
r4
þ b
c
3
r6
 
z3
ð17ÞLetting z?1, the far-ﬁeld conditions give
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1
4
ðr11 þ r12 Þ; bc1 ¼
1
2
ðr12  r11 Þ ð18ÞSubstituting Eqs. (16) and (17) to Eq. (15), noting z ¼ r2=z and comparing the coefﬁcients of the same order of z, we
obtainam1 ¼ ð1þ pfm þ qfmÞaf1  qfmaf1 þ tfm
am1 þ
bm1
k
¼ ðpfm þ qfmÞaf1 þ ð1þ qfmÞaf1  tfm
am3 ¼ ð1þ pfm þ qfmÞaf3
am1 ¼ qfmð3af3k2 þ bf1kÞ
ð3am3 k2 þ bm1 kÞ ¼ ð1þ qfmÞð3af3k2 þ bf1kÞ
 a
m
1
k2
þ b
m
3
k3
 
¼ ðpfm þ qfmÞaf3
ð1þ pcm þ 2qcmÞac1 ¼ ð1þ qcmÞam1 þ qcmðam1 þ bm1Þ  tcm
0 ¼ ð1þ qcmÞam3 þ qcmðam1 þ bm3Þ
ð1þ pcm þ 2qcmÞbc1 ¼ ðpcm þ qcmÞam1 þ ð1þ pcm þ qcmÞð3am3 þ bm1 Þ
ð19Þwhere the three equations on ac1; b
c
1; b
c
3 were not written as they will not be used. The coefﬁcients can be obtained as
followsaf1 ¼
ð1þpcmþ2qcmÞ14ðr11 þr12 Þ½1þ2ð1kÞqcm tfmþtcm
ð1þpfmþ2qcmÞþ2ð1kÞpfmqcm
af3
bf1
" #
¼ ðQmcQ fmÞ1
0
1
" #
1
2 ðr12  r11 Þ
ð20Þ
am1
bm1
" #
¼ Pfmaf1 þ Rfm;
am3
am1
bm1
bm3
2
66664
3
77775 ¼ Q fm
af3
bf1
" #
ð21Þwhere the far-ﬁeld conditions (18) and the equationsac1 ¼ PmcðPfmaf1 þ RfmÞ þ Rmc;
0
bc1
 
¼ QmcQ fm
af3
bf1
" #
ð22Þhave been used and Eq. (22) is derived from Eq. (19). The adopted abbreviations arePfm ¼
1þ pfm
2kpfm
 
; Rfm ¼ tfm
1
2k
 
Pmc ¼ 1ð1þ pcm þ 2qcmÞ
ð1þ 2qcmÞ qcm½ ; Rmc ¼ 
tcm
ð1þ pcm þ 2qcmÞ
Q fm ¼
ð1þ pfm þ qfmÞ 0
3k2qfm kqfm
3kpfm 1þ qfm
k3ðpfm þ 4qfmÞ k2qfm
2
6664
3
7775
Qmc ¼
1
ð1þ pcm þ 2qcmÞ
ð1þ qcmÞ qcm 0 qcm
3pcm pcm þ 4qcm ð1þ pcm þ qcmÞ 3qcm
 
:
ð23Þ4. Stress concentrations under thermo-electro-magneto-mechanical coupling loads
Stress concentrations in microstructures play a crucial role in fatigue and fracture of composites. In some cases thermo-
electro-magnetic loads may aggravate stress concentrations in piezoelectric–magnetic composites, whereas in other cases
they can alleviate such stress concentrations. The present three-phase model can serve as a ﬁber/interphase/matrix model
to study the phenomenon in coated composite materials.
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Fig. 2. Variations in the ﬁber stress with the interphase bulk modulus under a far-ﬁeld mechanical load coupled with an electrical ﬁeld for various cL.
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This is a special case of the three-phase model. In fact, letting the material properties in the interphase layer andmatrix be
the same, the present three-phase model degenerates into a two-phase model, and the solution (20) degenerates intoaf1 ¼
1
4ð1þ pfmÞ
ðr11 þ r12 Þ 
tfm
ð1þ pfmÞ
af3
bf1
" #
¼ 0
1
 
1
2ð1þ pfmÞ
ðr12  r11 Þ
ð24ÞFrom Eqs. (10) and (16), we obtain the stress ﬁeld in the ﬁber, and the hydrostatic stress is given byðr1 þ r2Þf ¼
K1m þ l1m
K1f þ l1m
ðr11 þ r12 Þ þ
1
K1f þ l1m
ðm13f þ m13mÞe3½ þ e31f2K f 
e31m
2Km
 
E3 þ q31f2K f 
q31m
2Km
 
H3 þ b1f2K f 
b1m
2Km
 
h

ð25ÞIt is seen that under far-ﬁeld uniform thermo-electro-magneto-mechanical loads, the stress ﬁeld in the inclusion (ﬁber) is
uniform, and the stress value is the algebraic sum of those induced by various kinds of loads. When all stresses induced,
respectively, by thermal, electric, magnetic and mechanical loads have the same sign, the most serious stress concentration
occurs. However, if the magnitude and sign of one or more loads can be adjusted, a zero-stress state can be achieved.
4.2. Example 2. Stress concentration in the inclusion of a three-phase model under thermo-electro-magneto-mechanical coupling
loads
The present three-phase ﬁber/interphase/matrix model can be used to reveal a lot of interesting thermo-electro-mag-
neto-mechanical coupling phenomena in such composites. As an illustrative example, the inﬂuence of the piezoelectric
interphase layer on ﬁber stress concentrations is considered.
Suppose that both the ﬁber and matrix are pure elastic materials with the bulk and shear moduli Kf = 100 GPa, Km = 1 GPa,
Gf = 50 GPa, Gm = 0.5 GPa. The piezoelectric interphase layer has a changeable bulk modulus KL (while keep GL = 0.5KL, which
means to keep the Poisson’s ratio unchanged for an isotropic material). Introduce a new parameter c ¼ e312K ¼ d31 þ m13d33 to
reﬂect the inﬂuence of the piezoelectric material properties. Notice that the deﬁnition is analogous to the hydrostatic piezo-
modulus dh = d33 + 2d31, which refer to Shaulov et al. (1989), Grekov et al. (1989), Dunn and Taya (1993). q1:q2 = 1:10,where
q1 and q2 are the radii of L1 and L2 (Fig. 1), respectively. Apply the far-ﬁeld loads r11 þ r12 ¼ 1 MPa and E3 = 1 V/m. The aver-
aged.hydrostatic stress in the ﬁber is obtained ashr1 þ r2if ¼
ð1þ pmL þ 2qmLÞðr11 þ r12 Þ
ð1þ pfL þ 2qmLÞ þ 2ð1 kÞpfLqmL
 4 f½1þ 2ð1 kÞqmLðcf  cLÞ  ðcm  cLÞgfð1þ pfL þ 2qmLÞ þ 2ð1 kÞpfLqmLg
E3
ðK1L þ l1L Þ
ð26ÞSince both the ﬁber and matrix are pure elastic materials, we have cf = cm = 0, the ﬁber stress versus the interphase bulk mod-
ulus curves are plotted in Fig. 2 for various cL. It is seen that the very soft or very hard interphase layers both shield the ﬁber
from stresses, whereas a moderate stiffness interphase magniﬁes the stresses. The maximum stress concentration in the
ﬁber occurs at about KL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K fKm
p
, It is of interest to note that when KL <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K fKm
p
, the electrical ﬁeld E3 has little inﬂuence
on the ﬁber stress concentration, whereas with the increase of KL, such an inﬂuence can rapidly goes up depending on
the parameter cL.By the way, the inﬂuence of the interphase on the stress concentration under antiplane shear coupled with
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or thermal ﬁeld can be analyzed. The above discussion shows that the stress control in piezoelectric–magnetic ﬁber compos-
ites can be conducted not only by adjusting the far-ﬁeld thermo-electro-magneto-mechanical coupling loads, but also by
matching the properties of the constituents.
5. Effective thermo-electro-magneto-elastic coupling properties
The present three-phase model can also serve as a ﬁber/matrix/composite model, whereby the GSCM is developed for pie-
zoelectric–magnetic ﬁber composites under in-plane mechanical load integrated with thermo-electro-magnetic loads. The
GSCM in this paper and that in the reference (Jiang and Cheung, 2001) complement each other, and the latter dealt with
the antiplane shear loading coupled with inplane electric ﬁeld.
5.1. Averaged values of ﬁelds
Taking the ﬁber and matrix ring in the ﬁber/matrix/composite model as the representative volume element (RVE),
we havehir ¼ khif þ ð1 kÞhim ð27Þwhere hi denotes the averaged value of a ﬁeld and the subscripts r, f and m refer to the RVE, ﬁber and matrix, respectively.
According to the divergence theorem, the averaged stresses (strains) in the ﬁber and RVE can be calculated by the surface
integration of the stress (displacement) (Nemat-Nasser, 1999), which yieldshr1 þ r2if ¼ 4af1
he1 þ e2if ¼ 2K1f af1 þ 2ef
hr1 þ r2ir ¼ 4am1 þ 2bm1
hr2  r1ir ¼ 6am3 þ 2am1 þ 2bm1
he1 þ e2ir ¼ 2K1m am1  l1m bm1 þ 2em
he2  e1ir ¼ 3l1m am3  ð2K1m þ l1m Þam1 þ l1m bm1
ð28Þ5.2. Effective elastic moduli
The average ﬁeld theorem is used to predict the effective moduli of a composite. For the GSCM developed in
this paper, the generalized average ﬁeld theorem can lead to three sets of equations with different physical
implications.
(a) The average stresses in the RVE are equal to the far-ﬁeld stresseshr1 þ r2ir ¼ ðr11 þ r12 Þ; hr2  r1ir ¼ ðr12  r11 Þ ð29Þ
(b) The average strains in the RVE are equal to the far-ﬁeld strains
he1 þ e2ir ¼
1
2
K1c ðr11 þ r12 Þ þ 2ec; he2  e1ir ¼
1
2
l1c ðr12  r11 Þ ð30Þ
(c) The average stresses and strains in the RVE satisfy the constitutive equations of a composite
he1 þ e2ir ¼
1
2
K1c hr1 þ r2ir þ 2ec; he2  e1ir ¼
1
2
l1c hr2  r1ir ð31Þ
It is seen that the three sets of equations i.e. Eqs. (29)–(31) are equivalent, and a proof is given in the Appendix A. This
proof shows that the ﬁber and matrix ring in the three-phase model constitute a RVE, and it provides also a strong evidence
of mathematical rigor in their elasticity formulation and physical realism of the GSCM.
Solving any one of the three sets of Eqs. (29)–(31), we obtain the normalized parameters pcm and tcm for the inplane bulk
modulus and eigenstrain (refer to Eq. (14))pcm ¼
kpfm
1þ ð1 kÞpfm
; tcm ¼ ktfm1þ ð1 kÞpfm
ð32ÞThe normalized parameter for the shear modulus qcm is determined by the following equation
Fig. 3.
(b) effe
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A ¼ ð1þ pfm þ qfmÞ½1þ ð1 kÞ4qfm þ k3pfm þ k4qfm
B ¼ ð1þ pfm þ qfmÞ½1þ qfmð1 2kþ k4Þ þ k4qfm
C ¼ ð1þ pfm þ qfmÞkqfm:
ð33Þ5.3. Effective thermo-electro-magneto-elastic coupling moduli
Recast the constitutive Eq. (9) asðr1 þ r2Þ
r3
D3
B3
2
664
3
775 ¼M
e3
E3
H3
h
2
664
3
775þNðe1 þ e2Þ
M ¼
4m13K 2e31 2q31 2b1
ð4Km213 þ E3Þ e33 q33 b3
e33 k33 a33 p3
q33 a33 l33 m3
2
664
3
775; N ¼
2K
2m13K
e31
q31
2
664
3
775
ð34ÞBy using the theorem of averaged ﬁeld, and noting Eq. (28), the coupled modulus in the matrix M can be obtained asMc ¼ kMf þ ð1 kÞMm þ kgKðNf NmÞ M1m þ k
K f
Km
ðM1f M1mÞ
 
ð35Þwhere M1f, M1m are row vectors, which are composed of the ﬁrst rows of the matrices Mf, Mm, respectivelyM1f ¼ 4m13fK f 2e31f 2q31f 2b1f½ ;
M1m ¼ 4m13mKm 2e31m 2q31m 2b1m½ 
ð36ÞandgK ¼
Km þ lm
lm þ kKm þ ð1 kÞK f
ð37Þ0
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A comparison of the present GSCM predictions with experimental data (Chan and Unsworth, 1989) for PZT-7A/Araldite D. (a) Effective d33 versus k;
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tailed expressions are listed in Appendix B for reference.
5.4. Comparison of the GSCM predictions with experimental results
It is of interest to compare the present GSCM predictions with existing experimental data. The effective piezoelectric
strain modulus d33 and dielectric permeability k33 versus the ﬁber volume fraction k diagrams are plotted in Fig. 3a and
b, respectively. For a piezoelectric ceramic/polymer 1–3 composite used in an ultrasonic transducer, the experiment data
are quoted from Chan and Unsworth (1989), and the material constants areFig. 4.
value o
matrix
versusC11 ¼ 148 GPa; C12 ¼ 76:2 GPa; C13 ¼ 74:2 GPa; C33 ¼ 131 GPa
PZT-7A :d31 ¼ 60 1012 mV1; d33 ¼ 167 1012 mV1; k33=k0 ¼ 425
ðk0 ¼ 8:85 1012C2N1m2Þ
Araldite D :C11 ¼ C33 ¼ 8 GPa; C12 ¼ C13 ¼ 4:4 GPa; d31 ¼ d33 ¼ 0; k33=k0 ¼ 4Chan and Unsworth pointed out that the PZT-7A ceramic samples have different moduli according to manufacturer’s data.
In their experiment, the measured piezoelectric strain modulus is d33 = 167  1012 m/V instead of d33 = 150  1012 m/V
used in the engineering handbook. It is seen that the present GSCM predictions are in good agreement with the experiment
results. At a high volume fraction, the GSCM seems to give slightly lower estimates, which may be worthy of studied further.
5.5. Enhancement of d31 and q1
It is well known that composite materials can provide much superior properties than any of their monolithic constituent
materials, and the effective moduli of some composites may signiﬁcantly exceeds those of the constituent phases. Such a
marvelous enhancement phenomenon was discussed on the effective d31 by Smith et al. (1985), Shaulov et al. (1989) and
on effective q1 by Dunn (1993), Levin et al. (1999). The present GSCM is useful in understanding such thermo-electro-mag-
neto-elastic coupling behavior. As an illustrative example, consider the two composites (Pb,Ca)TiO3/stycast; BaTiO3/polymer
with the following material constants-30
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k for BaTiO3/polymer composite.
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d31 ¼ 2:4 1012 mV1; d33 ¼ 70 1012 mV1; k33=k0 ¼ 207
Stycast polymer :C11 ¼ C33 ¼ 12:3 GPa; C12 ¼ C13 ¼ 5:2 GPa; d31 ¼ d33 ¼ 0; k33=k0 ¼ 4
BaTiO3 :C11 ¼ 150 GPa; C12 ¼ C13 ¼ 66 GPa; C33 ¼ 146 GPa
q1 ¼ 8:53 106 K1; q33 ¼ 1:99 106 K1
Polymer :C11 ¼ C33 ¼ 8 GPa; C12 ¼ C13 ¼ 4:4 GPa; q1 ¼ q33 ¼ 60 106 K1The curves of the effective moduli d31 and q1 versus k are plotted in Fig. 4a and b, where each component of the moduli for
the ﬁber and matrix is taken twice in turn to examine their respective inﬂuences. From Fig. 4, marvelous enhancement effect
for the effective moduli can be observed. It is also found that such an enhancement effect not only depends on the corre-
sponding moduli of the constituents, but also on other moduli of the constituents with various sensitivities. It is noted that
an analogous enhancement has also been found for elastic moduli of a piezocomposite (Levin et al., 1999; Jiang et al., 2001).
5.6. Parallel and product properties in piezoelectric–magnetic ﬁber composites
piezoelectric–magnetic ﬁber composites exhibit a newmaterial property – themagnetoelectric (ME) coupling effect, which
is absent in the individual phases and is known as the product property (Ryu et al., 2002). The present GSCM can be used to
predict such a peculiar product property. From Eq. (35), the explicit expression of the ME coefﬁcient a33c can be written asa33c ¼ ka33f þ ð1 kÞa33m þ kð1 kÞ ðe31f  e31mÞðq31f  q31mÞlm þ kKm þ ð1 kÞK f
ð38ÞThe formula is also presented by Benveniste (1995), in which, his formula is derived from the composite cylinder model
by using the exact connections. It is seen that the above formula are composed of two parts: the ﬁrst two terms are due to the
parallel effect of the ME coefﬁcient, and the third term reﬂects the product properties of the piezoelectric and piezomagnetic
constituents.
Consider the optimization of the ME coefﬁcient a33 in a piezoelectric/piezomagnetic composite. Take the derivative of Eq.
(38) with respect to the ﬁber volume fraction k, we havek ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lm þ K f
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lm þ K f
p þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃlm þ Kmp ! ða33cÞmax ¼
ðe31f  e31mÞðq31f  q31mÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lm þ K f
p þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃlm þ Kmp 2 ð39Þ
Take the BaTiO3/CoFe2O4 composite as an example, where the material constants areBaTiO3 :C11 ¼ 166:2 GPa; C12 ¼ 76:5 GPa; C13 ¼ 77:4 GPa; C33 ¼ 161:4 GPa
e31 ¼ 4:22C m2; e33 ¼ 18:6 C m2; k33=k0 ¼ 1350; l33 ¼ 10 106N S2 C2
CoFe2O4 :C11 ¼ 286 GPa; C12 ¼ 173 GPa; C13 ¼ 170:5 GPa; C33 ¼ 269:5 GPa
q31 ¼ 580:3NA1m1; q33 ¼ 699:7NA1m1; k33=k0 ¼ 10; l33 ¼ 157 106NS2C2The ME coefﬁcient a33 versus the volume fraction k of BaTiO3 curves are plotted in Fig. 5. It is seen that when BaTiO3 is
used as the ﬁber material and CoFe2O4 is used as the matrix material, the ME coefﬁcient a33c arrives at a maximum 2.68 at
k = 0.44; whereas when CoFe2O4 is used as the ﬁber material and BaTiO3 is used as the matrix material, the ME coefﬁcient
a33c arrives at a maximum 2.82 at the same k = 0.44 (in the former kmeans the volume fraction of the ﬁber BaTiO3, whereas
in the latter it means the volume fraction of the matrix BaTiO3). The two curves seem to show that a soft matrix causes a
higher value of a33c. To verify this, introduce a dimensionless modulus coefﬁcient g, and consider four cases:0
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Optimization of ME coefﬁcient with ﬁber volume fraction. Case a: BaTiO3 is used as the ﬁber material Case a: BaTiO3 is used as the matrix material.
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Fig. 6. Optimization of ME coefﬁcient with the phase elastic moduli. Case a: change the modulus of the ﬁber CoFe2O4 and let g = Kf/K0, case b: change the
modulus of the matrix BaTiO3 and let g = Km/K0, case c: change the modulus of the ﬁber BaTiO3 and let g = Kf/K0, case d: change the modulus of the matrix
CoFe2O4 and let g = Km/K0.
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Case b: change the modulus of the matrix BaTiO3 and let g = Km/K0
Case c: change the modulus of the ﬁber BaTiO3 and let g = Kf/K0
Case d: change the modulus of the matrix CoFe2O4 and let g = Km/K0
The maximum value of a33c versus g curves for the four cases are plotted in Fig. 6, where other material constants
remain unchanged. This ﬁgure shows that to obtain a high value of a33c, one should choose soft matrix and hard ﬁber.
An efﬁcient way to obtain a large ME coefﬁcient is to reduce the stiffness modulus of the matrix, especially when it is
harder than the ﬁber.
Inspired by the above product property of piezoelectric–magnetic ﬁber composites, some researchers thought that ME
effect could also be obtained by thermal interaction in a pyroelectric–pyromagnetic composite, but so far no theoretical
or experimental results were reported. According to Eq. (38), the ME effect is independent of the pyroelectric or pyromag-
netic properties. Although the thermal expansion of a material induces thermal strain and in turn induces thermal stress
which can be transformed into electric or magnetic effect as well as the strain itself, however, thermal load cannot be in-
duced in a reversed manner hence such a guess could not be correct.
6. Conclusion
A three-phase model for analyzing thermo-electro-magneto-elastic coupling properties is presented for piezoelectric–
magnetic ﬁber composites. To overcome the mathematical difﬁculties in solving the complex multi-ﬁeld coupling problem,
an eigenstrain corresponding to the thermo-electro-magneto-elastic effect is introduced, whereby the problem is reduced to
a formal in-plane elasticity problem and exact closed form solutions are available.
The present three-phase model can be applied to ﬁber/interphase/matrix composites. Numerical examples are presented
to show stress concentrations under thermo-electro-magneto-mechanical coupling loads. It is seen that in some cases ther-
mo-electro-magnetic loads may aggravate stress concentrations in piezoelectric–magnetic composites, whereas in other
cases they can alleviate such stress concentrations, which is useful in fatigue and fracture analysis and strength design of
piezoelectric–magnetic ﬁber composites.
The present model can also be applied to ﬁber/matrix composites, whereby a generalized self-consistent method (GSCM)
is developed for predicting the effective properties of piezoelectric–magnetic ﬁber reinforced composites. The predictions for
the effective piezoelectric, piezomagnetic, thermoelectric and magnetoelectric moduli are given in compact explicit form,
which are in good agreement with available experiment data. It is noted that the present method can well model the mar-
velous enhancement effect and peculiar product properties of effective moduli in piezoelectric–magnetic ﬁber composites.
As a theoretical basis for the GSCM, the three different sets of equations in predicting the effective properties are proved to
be equivalent.
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Appendix A. Proof of the equivalence of Eqs. (29)–(31)
In Section 5, it is pointed out that the three sets of equations i.e. Eqs. (29)–(31) are equivalent. In the following the prop-
osition will be proved for the inplane bulk and shear moduli, respectively.
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First consider Eq. (29). The substitution of Eq. (20) into Eq. (28) and then into Eq. (29) yieldshr1 þ r2ir ¼ 4 2½ 
am1
bm1
 
¼ 4 2½ ðPfmaf1 þ RfmÞ
¼ 4 2½  1þ pfm2fpfm
 
ð1þpcmþ2qcmÞ14ðr11 þr12 Þ½1þ2ð1kÞqcm tfmþtcm
ð1þpfmþ2qcmÞþ2ð1kÞpfmqcm þ tfm4ð1 kÞ
¼ ½4þ 4ð1 kÞpfm ð1þpcmþ2qcmÞ
1
4ðr11 þr12 Þ½1þ2ð1kÞqcm tfmþtcm
ð1þpfmþ2qcmÞþ2ð1kÞpfmqcm þ tfm4ð1 kÞ
¼ ðr11 þ r12 Þ
ðA1ÞRegarding ðr11 þ r12 Þ as a variable and let its zeroth- and ﬁrst-order coefﬁcients on both sides of Eq. (A1) be equal, we
have½1þ ð1 kÞpfmð1þ pcm þ 2qcmÞ ¼ ð1þ pfm þ 2qcmÞ þ 2ð1 kÞpfmqcm
½1þ 2ð1 kÞqcmtfm  tcm ¼ ð1þ pcm þ 2qcmÞtfmð1 kÞ
ðA2ÞThe simpliﬁcation of Eqs. (A2) leads to Eq. (32).
Then consider Eq. (29). The substitution of Eq. (20) into Eq. (28) and then into Eq. (30) yields2K1m l1m
	 
 am1
bm1
 
¼ 1
2
K1c 4 2½ 
am1
bm1
 
þ 2ec  2em ðA3ÞDividing both sides of Eq. (A3) by ðK1m þ l1m Þ, we have
2tcm ¼ ½2pcm1þ pcmðPfmaf1 þ RfmÞ
¼ ½2ð1þ pfmÞpcm  2kpfmð1þ pcmÞ
ð1þ pcm þ 2qcmÞac1  ½1þ 2ð1 kÞqcmtfm þ tcm
ð1þ pfm þ 2qcmÞ þ 2ð1 kÞpfmqcm
þ ½2pcm  2kð1þ pcmÞtfm ðA4ÞRegarding ðr11 þ r12 Þ as a variable and let its zeroth- and ﬁrst-order coefﬁcients on both sides of Eq. (A4) be equal, we
have0 ¼ ð1þ pfmÞpcm  kpfmð1þ pcmÞ
 tcm ¼ ½kþ ð1 kÞpcmtfm
ðA5ÞThe equation also leads to Eq. (32).
Obviously, Eq. (31) can be derived by using Eqs. (29) and (30). The proposition is proved for the bulk modulus, where pcm
can be egarded as a normalized bulk modulus.
A.2. For the inplane shear modulus
Using Eqs. (28) and (29), we haveðr12  r11 Þ ¼ hr2  r1ir ¼ 6 2 2 0½  am3 am1 bm1 bm3
	 
T ðA6ÞThe substitution of Eq. (23) into the far-ﬁeld conditions yieldsQmc am3 a
m
1 b
m
1 b
m
3
	 
T  0
1
 
1
2
ðr12  r11 Þ ¼ 0 ðA7Þandð1þ qcmÞ qcm 0 qcm
3 6qcm 2qcm  1 qcm 3qcm
 
Q fm
af3
bf1
" #
¼ 0
0
 
ðA8ÞThe above equations have non-zero solutions for af3; b
f
1 and the matrix order decreases. From Eq. (A7), we havea11a22  a12a21 ¼ 0
a11 ¼ ð1þ pfm þ qfmÞð1þ qcmÞ þ 3k2qfmqcm  k3ðpfm þ 4qfmÞqcm
a12 ¼ kqfmqcm  k2qfmqcm
a21 ¼ ð1þ pfm þ qfmÞð3 6qcmÞ  3k2qfmð2qcm  1Þ þ 3kpfmqcm þ k3ðpfm þ 4qfmÞ3qcm
a22 ¼ kqfmð2qcm  1Þ  ð1þ qfmÞqcm þ k2qfm3qcm
ðA9ÞSimpliﬁcation of Eq. (A8) leads to Eq. (33).
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am3 a
m
1 b
m
1 b
m
3
	 
T
hr2  r1ir ¼ 6 2 2 0½  am3 am1 bm1 bm3
	 
T ðA10Þ
Substituting them into Eq. (31), we have1
4ðK1m þ l1m Þ
½l1c hr2  r1ir  he2  e1ir  ¼ 3qcm 1þ qcm qcm 0½ Q fm
af3
bf1
" #
¼ 0 ðA11ÞAs the ﬁrst equation of Eq. (A7) is derived by the far-ﬁeld conditions, it is always satisﬁed. The second equation of Eqs.
(A7) and (A10) are results of Eqs. (29) and (31), respectively. Apparently, the two equations can also be derived by using
the ﬁrst equation of Eq. (A7). The proposition for the shear modulus is thus proved.
Appendix B. The detailed expressions of the effective thermo-electro-magneto-elastic coupled moduli
For the convenience of engineering analysis, the detailed expressions of the effective thermo-electro-magneto-elastic
moduli derived in Section 5 are listed as follows:Kc ¼ kK f þ ð1 kÞKm  kð1 kÞ ðK f  KmÞ
2
lm þ kKm þ ð1 kÞK f
ðB1Þ
m13c ¼ km13f þ ð1 kÞm13m þ kð1 kÞ ðK f  KmÞðm13f  m13mÞð1 kÞKmlm þ ðKm þ klmÞK f
ðB2Þ
E3c ¼ kE3f þ ð1 kÞE3m þ 4kð1 kÞ lmKmK f ðm13f  m13mÞ
2
ð1 kÞKmlm þ ðKm þ klmÞK f
ðB3Þ
e31c ¼ ke31f þ ð1 kÞe31m  kð1 kÞ ðK f  KmÞðe31f  e31mÞlm þ kKm þ ð1 kÞK f
ðB4Þ
e33c ¼ ke33f þ ð1 kÞe33m  2kð1 kÞ ðK fm13f  Kmm13mÞðe31f  e31mÞlm þ kKm þ ð1 kÞK f
ðB5Þ
a33c ¼ ka33f þ ð1 kÞa33m þ kð1 kÞ
ðe31f  e31mÞðq31f  q31mÞ
lm þ kKm þ ð1 kÞK f
ðB6Þ
k33c ¼ kk33f þ ð1 kÞk33m þ kð1 kÞ ðe31f  e31mÞ
2
lm þ kKm þ ð1 kÞK f
ðB7Þ
q31c ¼ kq31f þ ð1 kÞq31m  kð1 kÞ
ðK f  KmÞðq31f  q31mÞ
lm þ kKm þ ð1 kÞK f
ðB8Þ
q33c ¼ kq33f þ ð1 kÞq33m  2kð1 kÞ
ðK fm13f  Kmm13mÞðq31f  q31mÞ
lm þ kKm þ ð1 kÞK f
ðB9Þ
l33c ¼ kl33f þ ð1 kÞl33m þ kð1 kÞ
ðq31f  q31mÞ2
lm þ kKm þ ð1 kÞK f
ðB10Þ
b1c ¼ kb1f þ ð1 kÞb1m  kð1 kÞ
ðK f  KmÞðb1f  b1mÞ
lm þ kKm þ ð1 kÞK f
ðB11Þ
b3c ¼ kb3f þ ð1 kÞb3m  2kð1 kÞ
ðK fm13f  Kmm13mÞðb1f  b1mÞ
lm þ kKm þ ð1 kÞK f
ðB12Þ
p3c ¼ kp3f þ ð1 kÞp3m þ kð1 kÞ
ðe31f  e31mÞðb1f  b1mÞ
lm þ kKm þ ð1 kÞK f
ðB13Þ
m3c ¼ km3f þ ð1 kÞm3m þ kð1 kÞ ðq31f  q31mÞðb1f  b1mÞlm þ kKm þ ð1 kÞK f
ðB14ÞThe other moduli such as d31c, d33c, g31c, g33c, q1c, q3c can be calculated by using the relationship of Eq. (6) or (7), for exam-
ple, the thermal expansion coefﬁcients q1c, q3c are given by the following equationsE3cq3c ¼ kE3fq3f þ ð1 kÞE3mq3m þ 4kð1 kÞ
lmKmðm13f  m13mÞðq1f þ m13fq3f  q1m  m13mq3mÞ
ð1 kÞKmlm þ ðKm þ klmÞK f
ðB15Þ
q1c þ m13cq3c ¼ kðq1f þ m13fq3fÞ þ ð1 kÞðq1m þ m13mq3mÞ þ kð1 kÞ
lmðK f  KmÞðq1f þ m13fq3f  q1m  m13mq3mÞ
ð1 kÞKmlm þ ðKm þ klmÞK f
: ðB16Þ
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